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A(hy)vt = (A, 7)vt £ 0. On the other hand, as ad is alternating, we have

0# z,.9,.07 = ad(vtAvT Av,, AcocAv,, )0t
= ad(gyvT AT Avy A AY,, L)

In particular, ad(y,.v* AvF Avy, A---Av,, ) # 0. By Lemma 3.1 the weight of
this element is 2\ + E?;la i — 7, which is equal to A — ggA by the definition of 7.
Therefore A —ogA € ®U{0}. By Lemma 3.2, A — 5o\ ¢ @, hence A — opA = 0. Since
—0ogA is also a dominant weight, A = 0, which is a contradiction to the assumption
that V is faithful. O

Corollary 3.4: Hg # {0}

Proof: If n > 3, the assertion follows from Lemma 3.3. Let n = 3. Since the
nonzero element ad(v* A v~) lies in Ly44,) by Lemma 3.1, A+ ogA € U {0}. But
0o(A+00A) = 0gA+ 03X = A+ 00, hence A+0pA = 0 because oo maps the positive
roots into the negative ones. This means that ad(v* A v™) € Hp. 0

We continue to show C2.

Let L = 3, L;, where L;, i € m are the simple ideals of L. Further H; :=
HnNL; & C ® the root system of L; relative to H; and A; := AN ®;. A; is a base
of ®; (see Theorem A6 and Remark A1)

Lemma 3.5: Let (L,V,ad) be a good triple. Then for each i € m there exists
o€ A; withd—ogh—a e d.

Proof: Set Ag; := {a € A; | a(Hg) # {0}}. Then for each i: Ag; # ¢. If
Ay = ¢ for some i € m, say i = 1, then Ho C @72, H;. Set M := @2, L;. We show
that ad(V A ---A V) C M, which contradicts the surjectivity of ad. Since v* A v~
generates V A V', it suffices to show that

ad(vF AV AV A---AV)C M. (3.2)

Let z = ad(vt Av  Avy, A---Av, ) #0. If z€ Hy, then 2 € M;if z ¢ Ho, then
z € L, for some root 4. By Lemma 3.3, {0} # [2,L_,] C Ho, this in turn gives
z € M. Hence (3.2) is true and Ag; # ¢.

We claim that for each i there exists an @ € Ap; such that z,.v~™ # 0 or
YavT £ 0. .

If n = 3, then ad(vt A v7) is the only nonzero element in Hg up to scalar. By
the definition of Ag; we have for all its elements a:

ad(vt Az,v”) = [24,ad(vt A7)



