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Remark 1.2.1: If K is algebraically closed, then we mean by the vector product
on K™t! (n > 2) the n-Lie algebra (K™*!,b, f), where the determinant form f is
normalized by f(e1,---,es) =1 ({e1,-,€ens1} is the canonical base of K™*!) and
b is the bilinear form whose associated matrix relative to {e;, -+, en41} of K™ is

given by
0 I 1 00
70)° 00|,
0 I 0

according as n is odd or even, for some appropriate unit matrix 1.

In the following we want to determine the group Aut(V') of automorphisms of
the vector product V = (K™*! b, f). By Proposition 1.2.3 an automorphism r of
the vector space K™*! is an automorphism of the vector product if and only if

b(rv,Tw) = detr - b(v,w), (1.13)

As a result of this we have that if 7 is an automorphism of V, then (det7)"~! =1
by choosing a base of V. Let Q:= {a € K |a" ! = 1}.
Let 7 € Aut(V) and set ¢ = /v det 7. Clearly b(ov,ow) = b(v,w), that is,

o € O(K™,b), while detc = detr/(v/detr)""' = +1, according as deto is a
square in 2 or not. Therefore

Aut(V) € {ao|aef, o€ SO(K™,b)}u
{£V/Ba |BeR\N?, o€ 0K b), detr = —1}. (1.14)

Since the multiplication by an element in £ belongs to Aut(V) and SO(K™+%,b) C
Aut(V) by (1.13), the first set on the right side of (1.14) is included in Aut(V). If
n is even, every element in {) is a square, then

Aut(Vi={ac|a€Q, g € SO(K™,b)}. (1.15)

Now let n be odd. For any non-square 3 €  and any ¢ € O(K™*1,b) with
deto = —1, the endomorphism /B¢ is an automorphism of V. Indeed, because of

det(\/Ba) = \/Hﬂ+1deta = (—B)(-1) = B we have
b(v/Bou,\/Bov) = fb(ou,av) = fb(u,v) = det(y/Bo) b(u, v).
According to (1.13), /B0 is an element in Aut(V'). Therefore we have proved

Aut(V) = {ac|a€e, o€ SO(K™,b)}U
{£/Bo |8 ¢ 0% o€ O(K™,b), detr = —1}.  (1.16)



