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Proof. IT'R is iemisimple, since if I is a solvable ideal of T}R, then T +ilis a
solvable ideal of V. Let I be an arbitrary ideal of V. We show that I is also an
ideal of V. Now for all v; € I, j € n, we have by definition of scalar multiplication
in V that

i[vg, -, vn] = [i04,09, -+, 0] € [V, 09,-+-,0,] C I.
Thus if C I, since [I,--,[] = I. This means that I is closed relative to the scalar

multiplication by complex numbers. Thus / is an ideal of V. But V is simple, hence
I=V = Vg or {0}. m

Proposition 3.11: The complexification V of a real semisimple n-Lie algebra
V is semisimple.

Proof: By Theorem 1.1.3 the Lie algebra L := Inder(V') of the derivations of V
is semisimple. Thus the complexification LofLi is semisimple in view of Proposition
A3 . It turns out that I nder(V) agrees with L, thus V is reductive by Theorem
2.10.

Let u + iv be an element of the centre of V. From [u+ v, V, -, V] = {0} we
get [u,V,--+,V] = {0} and [v,V,---,V] = {0}, that is, u and v are in the centre of
v, heni:e # = v = 0 because V is 5emisimp1e. This means that the centre of V is
zZero. Q

Theorem 3.12: A real simple n-Lie algebra V is isomorphic to the realification
of a simple complex n-Lie algebra or to a real form of a simple complex n-Lie algebra.

Proof: We consider the complexification V of V. By Proposition 3.10, Vis
semisimple. If V is simple, then V' is a real form for some simple complex n-
Lie algebra. Assume that V is not simple. Let C' denote the map on V' with
C(u+iv) = u — iv. We show that an ideal I of V with C(I) = [ is either {0} or
V. The fixed points of C in I form an ideal of V: Iy := {z + C(z) | = € I}, thus
Iy =V or {0} because V' is simple. In the second case we have that I C iV which
is impossible since [ is an ideal of V. Thus V = IhCland I=V.

If I is a simple ideal of ¥, so is C(I). Therefore I N C(I) is either {0} or I.
If INC(I)= I, that is C(I) = I, then I = V as shown above, contradiction. If
INC(I) = {0}, then the sum J := I @ C([) is direct and an ideal of V satisfying
C(J)=J, it follows again from above that V = I + C(I).

Asaresult ofit, V = {z+C(z) | z € I}. Then the correspondence z — z+C/(z)
gives a real isomorphism from I onto V, so V is R-isomorphic to the realification
of the simple ideal I of V. L

According to Theorem 3.12, in order to find all real simple n-Lie algebras (n > 3)



