54 APPENDIX A. LIE ALGEBRAS AND THEIR REPRESENTATIONS

(U(L) denotes the universal enveloping algebra of L), then we say briefly that V is
standard cyclic and call A the maximal weight of V.

Theorem AS8: Let V be a standard cyclic L-module with maximal vector v+ €
V). Let &+ = {f,,---,8n}. Then:

1) V is spanned by the vectors yf;i ---yg':lv’f (i; € Z%); in particular, V is the
direct sum of its weight spaces.

2) The weights of V are of the form = A — ZLI kia; (k; € Z%), i.e., all weights
of V satisfy p < A.

3) For each weight p of V, dim(V,) < o0, and dim(V)) = 1.

4) If V is an irreducible L-module, then v* is the unique maximal vector in V
up to nonzero scalar multiples.

For each A € H* there exists one and (up to isomorphism) only one irreducible
standard cyclic L-module V(A) of maximal weight A. V(A) is finite dimensional if
and only if A € A*. Let A € At in the following. We write II(\) for the set of
weights of V(). It holds that

MA)={op|loeW, peAt, u<A}={peA|op < AYoe W},

and dimV;, = dimV), for all o € W and all g € II(A). Let g € [I(A) and @ € ®. If
r,q € Ng are maximal such that g — ra € II(A) respectvely u + go € II(\), then

r—g=(ua). (A1)

Let og € W be as in Proposition 5. For any u € II(A), oop € II(A). From
A = opp = 0 it follows that 0 > go(A — ogu) = oo — p. Hence pu — apA > 0 and we
call oo the minimal weight of V(A). A weight vector v~ € WV, which is not 0 is
said to be minimal. A minimal vector v~ is characterized by the relation: y,.v~ = 0
for all @ > 0. Because of dimV,,5 = 1 any two minimal vectors are proportional.

By definition it is clear that the weights of the dual module V* := V()" (it is
also irreducible) are —pu, where u € II(A). In view of the above discussion —ogA
must be the maximal weight of V*. Therefore V* = V(—0gpA). So V() is self-
contragredient if and only if gg) = —A.

Proposition A9: Let L be a semisimple Lie algebra and o a positive root of
L. Further let V() be an irreducible L-module with a maximal (minimal) vector
v* (v™). Then y,.vt # 0 if and only if (A, @) # 0. Similarly z,.v~ # 0 if and only
if (oo, a) # 0.




