1.2. SIMPLE N-LIE ALGEBRAS OF DIMENSION N + 1 11

f(vh. i ‘ﬂn"h[uh. ; '-:'un]:vn)
= tr(ad(vi,---,vn-1)) f(ur,- -+ tn, vn)
+f(v1,0 0 Uny f1n, -+, un))
= tr(ad(vy, -+, n-1)) fU1," -, tUn, Up)
+b([v1, ey vn), (U1, vy un))-
Therefore
b{[ulv Y “n]'-! [”17' Ty Uﬂ]} = b{[vls ey vn]& [uh e 'u'ﬂ])
= tr(ad(vy, 5 Vaz1))f(t1y 0y Uny Vn)- (1.10)

Suppose that v,_; # 0. Let v, := v,_; and let {uy, -, un,vs} be a base of V.
Then we get from (1.10) that tr(ad(vy, -+, va—1)) f(u1, ", Un, ;) = 0, which leads
to tr(ad(vy, -+, vn=1)) = 0. Now (1.10) becomes

b[[ﬂ'ls "y un]u [1-’11 s | Uﬂ-]) = b’([t’h Gkt svn]s [uls el vn])-
Since V is simple, [V,:+-,V] =V, the symmetry of b follows. a

Proposition 1.2.1: Let V be an (n + 1)-dimensional n-Lie algebra. If V is
simple, then V = (K"*1,b, f) for some nondegenerate symmetric bilinear form b
and a nonzero determinant form f.

The converse is also true.

Proposition 1.2.2: The n-Lie algebra (K™t1,b, f) is simple.

Proof Set V := (K™1,b,f). Let I be a nonzero proper ideal of V. Set
I :={veV|bv,u)=0,Yu € I}. Then I* # {0}. Let v, € I and v,4; € I+ be
nonzero elements. If v, and v,,; are not proportional to each other, then we can
choose vy, ++,v,_1 € V so, that {vy,+++,v,41} is a base of V.. Since [vy,+ -, v,] € I,
we have f(vy,- +,vn41) = b([vr, -+, ¥n],vns1) = 0, which is a contradiction to
f # 0. Thus I = I+ and is one dimensional. It follows that dim(K™*?) = dim(I) +
dim(/*) = 2 and n = 1. Hence V possesses no nonzero proper ideal, i.e. V is
simple. O

In the following we study when two n-Lie algebras of the form (K™*1,b, f)
are isomorphic. Since the n-Lie algebra (K™*! b, a f) is the same as the n-Lie
algebra (K™*', a7 1b,f) for all @ € K, a # 0, we can fix f and assume that
flei, - eng1) =1, where {e;,-,€n41} is the canonical base of K™+1,

Let V; := (K™*1,b;, f), i = 1,2, be two n-Lie algebras defined as in Example
1.1.1. The n-Lie product [vy,---,v,); of V; satisfies the identity:

bi([v1,+++, ¥alis Ung1) = f(v1,++ 3 Unp1)-



