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Theorem A6: Let L be a semisimple Lie algebra and L = ®}_, L, where L;
are ideals of L, 1 € s.

1) If H is a maximal toral subalgebra of L, then H; := HNL;isa ma.;cfmaf toral
subalgebra of L;. If & is the root system of L relative to H and ®) js the set
of the elements a € ® with o H;) # {0}, then

80|, = {a|m, | e € 21}
is the root system of L; relative to H;. Moreover ® = U_,®() and H = & H;.

2) If H; is a maximal toral subalgebra of L; and ®; the root system of L; relative
to H;, then H := @ H; is a maximal toral subalgebra of L and @ := U;‘-’=1¢'('}
is the root system of L relative to H, where

) .= {a € H" | a|ly, € ®i,elny, =0,Vj # i}.

Remark Al: In view of Theorem A6 1) we shall identify the root system @;
of L; relative to H; with the subset ®(*) of ® fqr a given maximal toral subalgebra
H of L. Further we shall take the set A; := (9 N A as a base of ;.

Theorem AT: A root system & of a simple Lie algebra is irreducible, that is,
if & = ®; U®, with (;,8,) = {0}, then &; = & or &, = &.

At most two lengths of roots occur in a root system of a simple Lie algebra.
Among the roots of the same length there is a highest element relative to "<". In
Table 1 we give the simple Lie algebras by their Dynkin diagram; in Table 2 the
highest long and short roots (the numbering of the simple roots is as in Humphreys
[7]). They are the only roots which are dominant. The highest long root will also
be called the maximal root of L.

In the following let L be a semisimple Lie algebra over ', H a maximal toral
subalgebra of L, ® the root system of L relative to H, A a base of &, W the
Weyl group of ®. For later use we choose for each a € ® three elements z, € Lg,
Yo € L_o and h, € H such that

[mcn yal = haa [hur‘ra] — 2301 [hﬁa ya] = _2:":"(::-

For this choice we have hy = sz(—tm Therefore A(hq) = (A, a) for any A € A.
Now suppose V is a (not necessarily finite dimensional) L-module. Forapu € H"
let V, := {v eV |hv=upu(h), YVh € H}. If V, # {0}, then V, is called a weight
space of V and pu a weight of V. A maximal vector in V with respect to H is a
nonzero vector vT € V), (of weight A) killed by all z, (a € ®*). f V = U(L).v*



