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where U; and U! are L;-modules. Then U; is equivalent to U}, in other words, A™V;
and A™V; contain equivalent submodules for all i € m. By Table 3, this is only
possible when n; = nf or n; +nl = n+ 1forall i. If n; = n! for all i € m, we
are done. Assume that n; + n! = n + 1 for some i, say i = 1. Then we have

meni+nl) =Y.+ Y, nl =2n—(ny + n}) =n - 1, which forces m > 2
and n; + n! <n—1<n+1forall i > 2. Notethat for all ¢ € m, one of the two
possibilities n; = n!, n; + ! = n + 1 must hold. Therefore we get n; = n] for all
i € m, i > 2 which in turn implies that n; = n} because ¥} -, n; = 3 i

:
j=1 T = T
The assertion follows.

8) [Viy--+,Vi] & V; as L-modules for all i € m. The I-module Vo, .m0 18
equivalent to a submodule of V(%m0) by 7) while V(0=me0) = AnY; > V;
because V; is (n + 1)-dimensional. Therefore Vig,...p,...0) i either {0} or equiva-
lent to V; because V; is irreducible. Once again by 7), the L-module V(" .nm),
(ny,-=+,nm) # (0,+-,7m,+,0), contains no submodule equivalent to V(0r-n0)
so does its submodule V{y, ...n,,). Therefore the relation V(g....s,...0) = {0} will im-

ply that [Vg,---, V] contains no submodule equivalent to V; which contradicts 6).
Therefore Vig,... n,...0) = [Vi, -, Vi] 2 V..

9) Viny,--nm) 8 nonzero for at most one tuple (ny,+ -+, npm) with 0 < ny, -+, Np <
n and ny + -+ np = n, say (nY,---,n%,). Since I is an irreducible Z-module by
3), V.=1T+ 3 ,V; being a direct sum of m + 1 irreducible submodules. As a
submodule of V', [V, -+, Vp] will be a sum of at most m + 1 irreducible submodules.
By 8), [V;,-+-, V] 2 V; for all i € m, then the decomposition of [Vg,---,Vp] in 7)
implies the assertion.

Now we can write

{VD3 IR VU} = Z[V;J et V'I] + ﬂn?;“,ﬂ?n)'

i=1

In the following we discuss three cases.
Case 2.1: I is equivalent to no submodule of [Vy, -+, Vol.

Because the decomposition of a module into its isotypic components is unique,
I and V;, ¢+ € m are the only irreducible submodules of V' (which are pairwise
inequivalent). As a submodule of V, [Vg,---,V] must be a sum of some V/s.
Therefore Vj is a (Levi) subalgebra of V.

Case 2.2: I is equivalent to a submodule of V(ndiemi),

Once again I and V}, i € m are the only irreducible submodules of V' and they
are pairwise inequivalent. By 8), [V;,---,Vi] = V;, that is, V; is a subalgebra of V'



