44 CHAPTER 4. LEVI DECOMPOSITION

Now we have L = R+ Lg, R = Kery =_N and Lo = L' = Ly. Clearly 7 induces
a Lie algebra isomorphism from L; onto L. Its inverse map will be denoted by o.
Then we can regard V' as an L-module as follows: X.v = o(X)(v).

1) N(I) = {0}. This has been shown above.

2) [I,1,V,---,V] = {0}. Since ad({,V,---,V) C Kery, it follows from the
assumption that ad(/,V,---,V)C N. By 1), [[,I,V,---,V] = {0}.

3) I is an irreducible L-module. If J is a proper L/-submodule of I, then because
of N(J) C N(I) = {0}, J must be an ideal of V contradicting the minimality of I.
Therefore I is an irreducible L’-module which implies the assertion.

4) The complementary L-submodule Vy is equivalent to the f-mgdu!e V. In fact,
let 7; denotes the restriction of 7 on V5. Then we have forall X € I and all v € V:

T (X.v) = 7(o(X)(v)) = 7(o(X))(7(v)) = X (x(v)).
That is, 71 : Vg — V is an L-module isomorphism. Let u be the inverse of .

5) Set Vi := pu(Vy), i € m. ThenV; is an L-submodule of Vy that is equivalent
to Vi and Vo = ®7L,V;. Moreover, Li(V;) = {0} for i # j and V; is the natural
L;-module (or the natural so(n + 1, K')-module V(\;)).

6) The f-mﬁduie [V, -+ +, Vo] contains a submodule that is equivalent to Vi, hence
it contains an L-submodule equivalent to V;. This is evident because we have

w[Vo, -+, Vo] = [7(Vo), - - - ym(Vo)] = [‘V: e rv] =

=l

7) We have the following decomposition:

Vo, -+, Vo] = > Vigs osnuih
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Clearly, each Ving,oinm) 19 B L-submodule of V and is equivalent to a submodule
of Vimr=im) .= A\MV, @ AV @ -+ @ A™™ V. Furthermore, any two distinct L-
modules V(M1»mm) gnd V(M nh) contain no nonzero equivalent submodules. We

show the last assertion by showing that if U resp. U’ is a nonzero submdule of
V(niemm) regp, V(niemm) with U & U7, then (r1,+++ynm) = (0], -+, n,). Let
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