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Proof: We show the first assertion only because the second one can be shown
analogously.

If yo.vt = 0, then hy.vt = [24, Yo vt = 0. But hy.vt = A(ha)vt = (A, a)vt,
hence (A, a) = 0. If yov* # 0. Then A—a € II(A). On the other hand, A+ a ¢ II(A)
due to the maximality of A, hence (A,a) > 1 > 0 by (A.1). o

Theorem A10: Let V and W be two irreducible I-modules. Let vt be a
maximal vector of V and w~ a minimal of W. Then vt ® w™= (vt A v~ resp.
vt V v~ ) generates the L-module V@ W (V AV resp. VV V).

Proof. Let U be the L-submodule of V ® W generated by v+ @ w™. Apply yg,
to v+ ® w™ repeatedly (notice that y,.w™ = 0), we get

U Y (0T @ WT) =y ey T QW

From Theorem A8 one concludes V@w™ C U because V is spanned by the elements
y;;} T y":‘.?.?"'.

Let Wy be the collection of the elements w € W such that V @ w C U. Wy
is a subspace of W and w= € Wy. Forany z € L and any w € Wy, V@ z.w C
z(V@®w)+2z.V®wC U. This means Wy is an invariant subspace of W. But W
is irreducible, hence Wy = W. ]

Theorem A1ll: (cf. [14] p. 109) Let L be a semisimple Lie algebra and V' an
irreducible L-module with maximal weight \. If L = Ly @ L, is the direct sum of
semisimple Lie algebras L;, then V can be identified with the tensor product V; ® V3
of L;-modules V; with maximal weight A6 = Aln,, where H; := H N L;.

From Theorem All we can conclude

Corollary A12: The hypothesis is as in Theorem All. If V is faithful in
addition, then so are V; (i = 1,2); in particular, A1) £ 0.

Proof. Let z € Ly and z.V; = {0}. Then z.V = z.(V @ V) = z.V; ® V2 = {0}.
Because V is a faithful L-module, z = 0. o

For the element o for each type of simple Lie algebras one is referred to [14] p.
147-151. Recall that o € W and ¢ A = —A.

Proposition A13: Let L be a simple Lie algebra with the maximal root aq. If
V(A) is a faithful irreducible L-module with the property

agta= J\—D‘D)i {A.E}



