56 APPENDIX A. LIE ALGEBRAS AND THEIR REPRESENTATIONS

for some simple root a of L, then the pair (L, A) is one of following:
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where | denotes the rank of L.
Proof: From (A.2) we get
Uﬂ(ﬂo 4 &} + (u‘lo + ﬂ') = CI'D()« e JQ.-'\) + ()\ = Ju}m) = 0.

But ggap = —ap, hence the simple root a satisfies

gpa+a=0 (A.3)
If ] =1, then L possesses only one positive root ag. Since each L-module is self-
contragredient, that is, opA = —A for all A € A*, we get from 2\ = 2ap that
A = ag, in other words, V is the adjoint A;-module. If [ = 2, then L is of type
Az, Cq or G3. Let A = {ai,ag}. If L 2 A,, then ogay = —ay, ogay = —ay.

Thus there is no simple root of A, satisfying (A.3). If L 2 G5, then ag = A; and
o9 = —1. Now (A.2) becomes 2A = A3 + a. The simple roots of Gy are 2A; — A;
and —3A; + 2A;. Thus 2\ = 2); or —3A; + 3A2. Since A is dominant, A = A;. The
maximal root of C; is 2A; and ¢y = —1. If & = ay, then ap + a is not dominant
since {ag + a,a2) = (2A; + aj,a3) = —1 < 0. This contradicts to the condiction
that ap+a is dominant. f @ = a3. 2A = 27+ a3 = 2A; + (=27, +2X;3) = 2X,, thus
A = Ag. It is well-known that the Cy-module V(A;) is isomorphic to the Bz-module
V(A1). Now let [ > 3. If o' is a neighbour of & in the Dynkindiagram, then

{ag, @) = (A= g — a,a’) > 0. (A4)

Hence if the simple root o possesses two neighbours in the Dynkindiagram, then
there are at least two positive coefficients in the expression of ag relative to the
fundamental weights. By Table 2, L is of type A;. Since ggpa; = —ayyy—; for all
t € [, 1 > 3 must be odd by (A.3) and a = ai. If [ > 3, then ap + i is not
dominant, hence [ = 3 and a = a,. This gives rise to L & Az and A = Aq.

Now assume that o is an end point and «; is the unique neighbour of & in
the Dynkindiagram (notice that o; is no end point). Then {ag,a;) > 0, i.e. the



