10 CHAPTER 1. N-LIE ALGEBRAS

1.2 Simple n-Lie Algebras of Dimension n + 1

We are concerned here with (n + 1)-dimensional simple n-Lie algebras. It turns out
that each (n + 1)-dimensional simple n-Lie algebra can be realized as (K™+!, b, f)
for some nondegenerate symmetric bilinear form b and some nonzero determinant
form f.

Let V be a simple n-Lie algebra over K of dimension n 4+ 1 with product
[v1,+++,vs]. Sinece [V,.++,¥] = V, the n-Lie product gives an isomorphism 7 :
A*V — V with 7(vy A -+ Av,) = [v1, ++,v,). Let f be an arbitrary nonzero
determinant form on V. We define an isomorphism o : A"V — V* by o(v; A
A Un)(Ung1) = f(vr,--,tn41), for v; € V, i € n+1. For u,v € V, let
b(u,v) := (677 (u))(v). The bilinear form b has the following properties:

1) b is nondegenerate,
2) forallv,e V,ien+t 1: b([”l: A yﬁn]vﬂn+1) = f(u,- --Tﬂﬂ'i'l)J
3) b is symmetric.

Proof: 1) If b(u,v) = 0 for all v € V, then or~!(u) = 0 which implies u = 0,
since o and 7 are isomorphisms. Hence b is nondegenerate.
2)Forall v; e V,ien+1:

b([vla"'lvn]:”n+1) = (UT_I([T’IN“”n]))(”nH)
= o(vi A Avn)(Vny1)
(o1, -3 Vng)-

3) Let u;, v; € V', ¢ € n. By (1.3), the G.J.I and 2) we get

b(Eu'[, i -run]s [vli i svni}
= f(u11"' 3 Up, [ﬂls B 'rvﬂ]}
= tr(a,d(vl, s )vﬂ—lj} f[uh *r oty Up, 'un)
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