3.2 The case of discriminant 5

Gundlach[5] determined the ring structure of A, g. There are three algebraically
independent generators

Gs € Az,o (Do(Gz) = 64) y
Gs € Asp (Do(Gs) =0, Di(Gs) = A),
Gs € Agpo (Do(Ge) = A)

and one algebraically dependent generators
G5 € Ais0 (Do(G1s) = A?es) .

We remark that G, Gg, G15 are symmetric and that G5 is skew-symmetric. Let

R = C[G, Gs, Ge).

Gundlach showed
A.o=R® RGis.
Define
Gs1:=[G2,Gs), € As1 (Do(Gs,1) = Aey),
Go,1 :=[G2,Ge], € A9 (Do(Go,1) = Aes),
G121 :=(Gs5,Ge}y € A12,1 (Do(Gr2,1) = —3A%),
Gs,z = [Gz, G2]2 € As,z (Do(Gs,z) = 864A)
and
Gyo:= [Gz, G5]2 € Ag,z (Do(Gg,z) = 3Aes) .

Now we have proved the following theorem:
Theorem 8. A, is a free R-module generated by Ge 2 and Go2. Namely,
A*,z = RGe,z D RGg,z.

Lemma 9. We have three equations:

- (1) dime Asn12,1(n) = 2. Asnt12,1(n) = CGEG3Gs,1 © CGEGa,1.

(2) dimc A5n+8,1 (n) =1. A5n+8,l (n) = CG?Gg,l.
(3) Asnts,1(n) = {0}. _

Proof. From Lemma 4, easily we have (1)(2) and dimg Asn+6,1(n) < 1.
Assume that there exist F € Asn6,1(n) such that D, (F) = A", Because
Dn (Gg’GgGg’l) = An+162, Dn(Gg'G]_z’l) = _3An+2 and Dn(GgG&l) = A”+1e4,
we have GoF = G§Gg,1 and —3GgF = G2G12,1. Hence we have

0= GGGG'gGg,;L + 2G2G?G12,1 = 5Gg+1G9,1.
This is a contradiction. O

Theorem 10. A, is generated by Gs 1, Go,1 and Gi2,1 as a R-module. The
Jacobi identity is a unique relation between these generators. Namely,

A, 1 = C[G3,G5])Gs,1 @ RGo,1 ® RGi2,1.



